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ABSTRACT 
The design o f  advanced high-speed a i r c r a f t  has  prompted cons iderable  
i n t e r e s t  i n  supersonic  and hypersonic  boundary l a y e r  s e p a r a t i o n  problems. 
A review o f  t he  cu r ren t  a n a l y t i c a l  methods and a v a i l a b l e  experimental  
d a t a  has  been made f o r  t h e  two-dimensional f l a t  p l a t e - d e f l e c t e d  f l a p  
conf igu ra t ion .  The semi-empir ical  approach i n i t i a l l y  proposed by 
Crocco and Lees and as subsequent ly  modified w a s  used i n  t h e  s tudy .  
Improvements i n  t h e  understanding o f  the mixing func t ion  c o r r e l a t i o n  
through t h e  i n i t i a l  s e p a r a t i o n  p o i n t  and up t o  t h e  p l a t e - f l a p  i n t e r s e c t i o n  
have been presented .  
s e p a r a t e d  region from i n i t i a l  s epa ra t ion  t o  f i n a l  reat tachment  has  
been i n d i c a t e d .  
The n e c e s s i t y  f o r  coupl ing t o g e t h e r  t h e  complete 
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I. INTRODUCTION AND DESCRIPTION OF PROBLEM 
The p r o j e c t  o b j e c t i v e  is t o  explore  i n  d e t a i l  t h e  laminar s epa ra t ed  flow 
phenomenon, wi th  emphasis on t h e  sepa ra t ion  region ahead of reat tachment .  
This s tudy  program c o n s i s t s  of a n a l y t i c a l  ca l cu la t ions  supplemented by corre-  
l a t i o n  wi th  t h e  a v a i l a b l e  experimental  da t a .  
While t h e  work contained i n  t h i s  r epor t  i s  p r i n c i p a l l y  concerned wi th  t h e  
flow p r i o r  t o  reat tachment ,  reat tachment  s o l u t i o n s  have been s t u d i e d  wi th  t h e  
a i m  of t y ing  t h e  e n t i r e  i n t e r a c t i o n  problem toge ther .  
coupl ing techniques are d i scussed .  
The reat tachment  and 
1-1. J u s t i f i c a t i o n  of I n t e r e s t  
Current  i n t e r e s t  i n  "g l id ing  type" re-entry bodies  and recoverable  boos t e r  
s t a g e  rocke t s  poses  many des ign  problems f o r  the engineer  and space s c i e n t i s t .  
Among t h e  problems t o  be d e a l t  wi th  are c o n t r o l  requirements and t h e  p r e d i c t i o n  
of p re s su res  on t h e  body s u r f a c e .  
sudden and l a r g e  changes f r equen t ly  r e s u l t  i n  the aerodynamic p res su re  d i s t r i -  
bu t ions .  
e f f e c t s  on c o n t r o l  c h a r a c t e r i s t i c s  must be  w e l l  understood. 
When t h e  a i r f low s e p a r a t e s  from, a s u r f a c e ,  
I n  t h e  design of f u t u r e  hypersonic  v e h i c l e s ,  separa ted  flows and t h e i r  
I n  t h e  event  t h a t  aerodynamic c o n t r o l  su r f aces  are used, s t u d i e s  of t h e  
type presented  w i l l  be h e l p f u l  i n  a s ses s ing  t h e  s i z e  and responsiveness  of t hese  
s u r f a c e s .  Addi t iona l ly ,  t he  a n a l y s i s  could b e  u s e f u l  i n  determining t h e  p re s su re  
d i s t r i b u t i o n  i n  t h e  v i c i n i t y  of two-dimensional compression corners  which are 
s t r u c t u r a l l y  a p a r t  of t h e  v e h i c l e  su r face .  
A re -en t ry  v e h i c l e  e n t e r s  t h e  low dens i ty  high a l t i t u d e  atmosphere a t  very 
h igh  v e l o c i t i e s .  
d i s s i p a t e d  p r i o r  t o  reaching the  denser  atmosphere where aerodynamic hea t ing  
can be a s i g n i f i c a n t  problem. F l i g h t  such as t h i s  a t  supersonic  and hypersonic  
speeds i n  l o w  d e n s i t y  a i r  would be expected t o  promote t h e  occurrence of laminar 
f low over  much of t h e  v e h i c l e  dur ing  t h e  descent .  
suppress ing  i n f l u e n c e  on t h e  t r a n s i t i o n  t o  turbulence ,  hence, laminar flow is  
more l i k e l y  t o  occur  a t  high Mach numbers. 
By a con t ro l l ed  descent ,  much of t h e  o r b i t a l  v e l o c i t y  can be 
High Mach numbers have a 
1-2. Descr ip t ion  of Phys ica l  Phenomena 
Flow s e p a r a t i o n  may be  i n i t i a t e d  by two broad c l a s s e s  of condi t ions .  The 
f i r s t  class, t h e  one t o  be d iscussed ,  occurs  when t h e  flow advances aga ins t  an 
adverse  p r e s s u r e  g r a d i e n t .  
as opposed t o  t h e  "breakaway sepa ra t ion , "  t h e  second c l a s s .  
occur  even though a f avorab le  p re s su re  grad ien t  e x i s t s  and a r e  usua l ly  a s soc ia t ed  
w i t h  f lows p a s t  b l u f f  bodies  and sharp  convex c o m e r s .  
This c l a s s  i s  usua l ly  termed "boundary l a y e r  separa t ion"  
Breakaway sepa ra t ions  
The p r i n c i p l e s  underlying t h e  two-dimensional boundary l a y e r  s e p a r a t i o n  are 
The boundary l a y e r  developed by a v iscous  f l u i d  flowing now g e n e r a l l y  accepted .  
over  a body encounters  s k i n  f r i c t i o n  e f f e c t s  a t  t h e  w a l l  and may a d d i t i o n a l l y  
encounter an upstream d i r e c t e d  f o r c e .  This  l a t t e r  f o r c e ,  i n  most f l u i d  dynamic 
s i t u a t i o n s ,  r e s u l t s  from t h e  adverse p re s su re  g r a d i e n t .  
such t h a t  t h e  v e l o c i t y  g rad ien t  (au/ay) a t  the  w a l l  becomes zero,  t h e  flow is  
on t h e  verge of s epa ra t ing .  
When these  f o r c e s  are 
The so-called ' ' f ree  i n t e r a c t i o n "  type of boundary l a y e r  s e p a r a t i o n  i s  t h e  
c l a s s i f i c a t i o n  which i s  of interest  i n  t h i s  s tudy.  By "free i n t e r a c t i o n "  w e  
cons ide r  t h a t  t h e  p re s su re  d i s t r i b u t i o n  of t h e  o u t e r  flow is  t h e  r e s u l t  of a 
mutual i n t e r a c t i o n  between t h e  boundary l a y e r  and the  o u t e r  flow. I n  a f r e e  
i n t e r a c t i o n  t h e  flow i s  independent of t h e  d i r e c t  i n f luence  of t h e  downstream 
conf igu ra t ion  and is a l s o  independent of t he  mode of inducing t h e  s e p a r a t i o n .  
I n  a nonviscous flow f i e l d  an impinging o r  generated shock wave w i l l  con tac t  
some point  on t h e  s u r f a c e  which i s  downstream from the  l ead ing  edge. However, 
w i th  viscous e f f e c t s  p r e s e n t ,  a developed boundary l a y e r  e x i s t s ,  and t h e  shock 
wave does no t  reach the su r face .  The adverse p re s su re  g rad ien t  may be generated 
by the  shape of t h e  body, as with a compression c o m e r ,  o r  by an e x t e r n a l  source 
such as an impinging shock wave. I n  both cases, t h e  flow experiences a p r e s s u r e  
rise across  the  shock waves. 
Figures 1 and 2 p re sen t  t he  e s s e n t i a l  f e a t u r e s  of two types  of f r e e  i n t e r -  
Both are f o r  two-dimensional f lows.  The model i n  Figure 2 a c t i o n  sepa ra t ions .  
is  t h e  one p r i n c i p a l l y  used i n  t h i s  work, because most experimental  s t u d i e s  
have s e l e c t e d  i t .  It should be mentioned t h a t  t h e  s e p a r a t i o n  and reattachment 
shocks coalesce i n t o  a s i n g l e  shock a t  a d i s t a n c e  above the boundary l a y e r .  
The f l u i d  n e a r  t h e  body passes  through two weaker shocks,  while  t he  flow w e l l  
out i n t o  the i n v i s c i d  layer  passes through only a s i n g l e  shock. 
I f  t h e  shock is  of s u f f i c i e n t  s t r e n g t h  t o  cause s e p a r a t i o n ,  t h e  e x t e r n a l  
stream i s  d e f l e c t e d  a t  the  s e p a r a t i o n  p o i n t ,  and "c i r cu la t ing"  f l u i d  i s  trapped 
below t h i s  s t r eaml ine .  
s t reamline,"  j o i n s  the  body again a t  t h e  reattachment p o i n t .  
This s t r e a m l i n e ,  customari ly  r e f e r r e d  t o  as t h e  "dividing 
1-3. Design Applicat ions 
Considering t h e  s e p a r a t i o n  a n a l y s i s  from t h e  p e r s p e c t i v e  of t h e  eng inee r  
who i n  the end must apply t h e  t h e o r i e s  i n  hardware a p p l i c a t i o n s ,  t h e  problem 
becomes clouded wi th  complicat ions.  The flow cond i t ions  ahead of t h e  i n t e r a c t i o n  
and t h e  geometry are t h e  only q u a n t i t i e s  which t h e  eng inee r  knows i n  advance. 
The l o c a t i o n s  of s e p a r a t i o n  and reat tachment ,  and the  d i s t r i b u t i o n  of p r e s s u r e s  
throughout t h e  i n t e r a c t i o n  region are n o t  known i n i t i a l l y .  This i s  one important 
c l a s s  of problems i n  which the s t a t i c  p r e s s u r e s  are n o t  given,  bu t  must be  d e t e r -  
mined by the i n t e r a c t i o n  between the  "ex te rna l "  i n v i s c i d  flow and t h e  v i scous  
l a y e r  near  t h e  s u r f  ace.  
The Crocco-Lees method i s  capable of embracing t h e  e n t i r e  s epa ra t ed  i n t e r -  
The problem can be analyzed by breaking t h e  i n -  
a c t i o n  within a s i n g l e  framework once t h e  semi-empirical  f e a t u r e s  have been 
reasonably w e l l  accounted f o r .  
t e r a c t i o n  region i n t o  t h r e e  d i s t i n c t  p a r t s .  
B l a s i u s  t y p e  flow t o  s e p a r a t i o n ,  2 . )  s e p a r a t i o n  t o  p l a t e a u  t o  shock impingement, 
and 3 . )  shock t o  reattachment t o  B las ius  f l a t  p l a t e  flow. 
empi r i ca l  p re s su re  p l a t e a u  c o r r e l a t i o n  and t h e  downstream p r e s s u r e  r a t i o  ca l cu la t ed  
These p a r t s  i nc lude :  1 . )  f l a t  p l a t e  
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Figure 2 .  Shock Wave-Laminar Boundary Layer I n t e r a c t i o n  
Shock Generated by Ramp 
from i n v i s c i d  theory ,  i t  is  hoped t o  t i e  the  th ree  segments t oge the r .  
d iv id ing  s t r eaml ine  which connects  t h e  sepa ra t ion  and reat tachment  p o i n t s  w i l l  
be assumed. To approximate t h e  breakaway angle which t h i s  s t r eaml ine  makes wi th  
the  p l a t e ,  t h e  i n v i s c i d  tu rn ing  angle  d i c t a t e d  by t h e  empi r i ca l  p l a t eau  p res su re  
w i l l  be used. 
becomes f ixed .  It should be mentioned t h a t  t he  p h y s i c a l  cond i t ions  a t  r ea t t ach -  
ment are n o t  w e l l  known at  p re sen t .  The pressure  r a t i o  a t  t h e  reat tachment  po in t  
is not  known, however, i n  genera l  i t  would be  expected t h a t  i t  would be  lower 
than t h e  f i n a l  downstream va lue .  
and then matching p res su re  r a t i o s  ac ross  t h e  shock, i t  w i l l  be  determined i f  
s u f f i c i e n t  mixing has  occured i n  t h e  p l a t eau  region t o  accomplish reat tachment  
a t  t h e  known h ighe r  p re s su re  downstream. 
A s t r a i g h t  
By f i r s t  "guessing" a sepa ra t ion  p o i n t ,  t h e  reat tachment  p o i n t  
By working the s o l u t i o n  through t o  t h e  shock, 
I f  t h e  l eng th  of t h e  mixing reg ion  (pressure  p l a t eau )  is too s h o r t  t o  
accomplish t h e  i n v i s c i d  reattachment p re s su re  rise, a new sepa ra t ion  l o c a t i o n  
f u r t h e r  forward on t h e  p l a t e  w i l l  be s e l e c t e d .  I t e r a t i o n  w i l l  produce the  optimum 
l o c a t i o n  f o r  t h e  sepa ra t ion  p o i n t ,  and hence, w i l l  g ive  t h e  p re s su re  d i s t r i b u t i o n  
throughout t he  e n t i r e  i n t e r a c t i o n .  
unknowns i n  t h e  reat tachment  phenomenon, b u t ,  i t  does provide a mechanism f o r  
l i n k i n g  t h e  reg ions  toge the r .  
This technique is of no va lue  i n  expla in ing  
1-4. Why t h e  Crocco-Lees Method Was Se lec ted  
I n  cons ider fng  t h e  foundat ion upon which t o  base  the  s e p a r a t i o n  development, 
t h e  des ign  engineer  w a s  kept  uppermost i n  mind. 
understanding,  and accuracy were the  prime cons idera t ions  given. 
S impl i c i ty  of use ,  conceptual  
The Crocco-Lees method g ives  a q u a l i t a t i v e  i n t e r p r e t a t i o n  of t h e  v e l o c i t y  
p r o f i l e  c h a r a c t e r i s t i c s  by making use  of t h e  v e l o c i t y  p r o f i l e  parameter,  K .  
D i f f e r e n t  K ' s  are as soc ia t ed  with d i f f e r e n t  v e l o c i t y  p r o f i l e s .  This  g ives  a 
conceptua l  f e e l i n g  f o r  t h e  changes which occur without  becoming involved i n  the  
mathematics which desc r ibe  t h e  a c t u a l  p r o f i l e  shape.  This method i s  c o n s i s t e n t  
wi th  t h e  concept  t h a t  t h e  v e l o c i t y  p r o f i l e  i s  dependent upon i ts  previous "h is tory ."  
This i s  born  o u t  by t h e  f a c t  t h a t  K a t  sepa ra t ion  d i f f e r s  from K a t  reattachment--  
as would be expected because of t he  d i f f e r e n t  " h i s t o r i e s "  i s  each case .  
The p r i n c i p a l  shortcoming of t he  method is  t h a t  t h e  semi-empirical  para- 
meters which appear  i n  t h e  development must be determined on t h e  b a s i s  of exper i -  
mental r e s u l t s .  
t h a t  they  r e q u i r e  t h e  s e l e c t i o n  of v e l o c i t y  p r o f i l e s  t o  desc r ibe  t h e  flow. 
becomes a ve ry  involved process  because non-similar p r o f i l e s  are needed t o  de- 
s c r i b e  t h e  p h y s i c a l  behavior  throughout t h e  pressure  p l a t eau  region.  Another 
cons ide ra t ion  i s  t h a t  a semi-empirical  technique should lend i t s e l f  t o  ex tens ions ,  
p a r i c u l a r l y  i n  t h e  case of t h e  t u r b u l e n t  boundary l a y e r .  
A corresponding disadvantage of pure ly  a n a l y t i c a l  s o l u t i o n s  i s  
This  
5 
11. ANALYTICAL INVESTIGATION 
11-1. Background of Previous I n v e s t i g a t i o n s  
Considerable material has  been presented i n  t h e  open l i t e r a t u r e  p e r t a i n i n g  
t o  t h e  laminar s e p a r a t i o n  problem. The d i scuss ions  i n  t h i s  s e c t i o n  and Appendix A 
w i l l  be  b r i e f - - r e f e r r a l  t o  t he  r e fe rences  w i l l  be needed t o  complete many of t h e  
de t a i l s .  
The major p o r t i o n  of t h i s  s e c t i o n  w i l l  be devoted t o  a d i scuss ion  of t h e  
Crocco-Lees method and t h e  modif icat ions which r e s u l t e d  p r i n c i p a l l y  from Gl i ck ' s  
work. The Lees and Reeves method w i l l  be  discussed b r i e f l y  because of i t s  cur- 
r e n t  popu la r i ty .  Four o t h e r  popular techniques are descr ibed i n  Appendix A. 
11-1-1. Crocco-Lees Method. The o r i g i n a l  Crocco-Lees paper  which appeared 
i n  1952 (1)* d e a l t  w i th  flows up t o  t h e  p o i n t  of s e p a r a t i o n  f o r  compression c o m e r s  
and f o r  t h e  a f t  flow over a supersonic  a i r f o i l  w i th  a b l u n t  t ra ining-edge.  The 
o r i g i n a l  concepts which apply up t o  t h e  p o i n t  of s e p a r a t i o n  have remained b a s i c a l l y  
unchanged except  f o r  t h e  behavior  of t h e  empi r i ca l  parameter C(K). Glick (2) has  
extended t h e  technique t o  inc lude  the  sepa ra t ed  region and c l ea red  up some t roub le -  
some d e t a i l s  n e a r  separation--such as t h e  c o r r e c t  behavior  of C(K). 
This method, l i k e  nea r ly  a l l  a n a l y t i c  s o l u t i o n s  which have been proposed i n  
t h e  l i t e r a t u r e ,  makes use of t h e  i n t e g r a l  momentum technique as a means of simp- 
l i f y i n g  and handling t h e  boundary l a y e r  equa t ions .  
are absorbed i n  the  d e f i n i t i o n  of a new v e l o c i t y  p r o f i l e  parameter. 
The boundary l a y e r  p r o f i l e s  
The Crocco-Lees method is  based upon the  assumption t h a t  t h e  parameters 
desc r ib ing  t h e  boundary l a y e r  are dependent upon the  rate of entrainment of f l u i d  
i n t o  t h e  boundary l a y e r  from the  e x t e r n a l  stream and t h a t  t h e r e  e x i s t  c e r t a i n  
u n i v e r s a l  c o r r e l a t i o n  func t ions  which relate these  parameters.  The a n a l y t i c a l  
development f o r  t h e  method hinges on t h e  v e l o c i t y  p r o f i l e  shape parameter,  K ,  
which i s  def ined as t h e  r a t i o  of t h e  momentum f l u x  t o  t h e  product of mass f l u x  
and l o c a l  e x t e r n a l  v e l o c i t y .  I t  i s  expressed as 
where 
I momentum f l u x  
- mass f l u x  x u mu e 
K = - =  
e 
*Numbers i n  b racke t s  r e f e r  t o  r e f e r e n c e s  a t  t h e  end of t h i s  r e p o r t .  
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' This b a s i c  parameter,  which c h a r a c t e r i z e s  t h e  flow i n  t h e  v iscous  reg ion ,  can be 
shown (1,2) t o  be def ined  i n  terms of e i t h e r  compressible o r  incompressible  
boundary l a y e r  v a r i a b l e s  as 
The Stewartson (3) t ransformat ion ,  which assumes a P r a n d t l  number of u n i t y  and 
v i s c o s i t y  p ropor t iona l  t o  t h e  abso lu te  temperature,  i s  u t i l i z e d  t o  t ransform a 
compressible boundary l aye r .  
By d iv id ing  t h e  momentum f l u x  by t h e  mass f l u x ,  a mean v e l o c i t y  (u ) f o r  
Crocco-Lees develops a parameter,  ca l l ed  f ,  w h c h  desc r ibes  t h e  mean 
1 t h e  v iscous  reg ion  i s  obta ined .  
t h e  d e f i n i t i o n ,  one can th ink  of a mean-temperature (T ) across  t h e  v iscous  
region.  
temperature-mean v e l o c i t y  r e l a t i o n s h i p .  This parameter i s  found i n  terms of 
t h e  boundary l a y e r  v a r i a b l e s  t o  be 
Also, without a t t a c h i n g  any s i g n i f i c a n c e  t o  
(6. - - 6.*) '6  K 6 i  
1 1 i -   f =  pi - 6.*)2 1 (6. 1 - 6 . * )  1 * (3)  
I n  a sense ,  t h e  dev ia t ions  of f and K from u n i t y  measure the  nonuniformity 
of t h e  v e l o c i t y  p r o f i l e .  
K can be r e l a t e d  t o  each o the r .  
i n  an equ iva len t  incompressible  form. Once transformed, each po in t  i n  t h e  flow 
reg ion  corresponds t o  a p o i n t  i n  the  f-K plane,  and t h e  whole c l a s s  of f lows 
( a t t ached ,  s e p a r a t i n g ,  s epa ra t ed ,  e t c . )  i s  represented  by a s i n g l e  locus  of 
p o i n t s  i n  the  f-K p lane .  
For every incompressible  boundary l a y e r  flow, f and 
Compressible boundary l a y e r s  may be expressed 
For purposes  of a n a l y s i s ,  t h e  flow i s  divided i n t o  two parts--an o u t e r  
reg ion  which is assumed t o  b e  e s s e n t i a l l y  nond i s s ipa t ive ,  and an i n n e r  reg ion  
i n  which t h e  v i s c o s i t y  i s  assumed t o  p lay  an  important r o l e .  
t he  sepa ra t ed  reg ion  i n  terms of Crocco-Lees' language. The e x t e n t  of t h e  v i s -  
cous reg ion  is measured by t h e  l eng th ,  6 ,  which f o r  t h e  case of a body i n  high- 
Reynolds-number stream i s  t h e  usua l  boundary l aye r  th ickness .  
of t h e  l eng th  6 i s  a r t i f i c i a l ,  and. p h y s i c a l  q u a n t i t i e s  such as p res su re  and 
i n t e r a c t i o n  d i s t a n c e  are no t  s e n s i t i v e  t o  t h e  d e f i n i t i o n  of 6 .  To develop and 
handle  t h e  equa t ions  desc r ib ing  t h e  flow, t h e  ch ief  assumptions are: 
Figure 3 expresses  
The d e f i n i t i o n  
1. 
2. 
3 .  
4. 
5. 
6 .  
7. 
9 .  
10.  
a .  
Gradien ts  of v i scous  stresses are n e g l i g i b l e  compared wi th  t h e  s t a t i c  
p r e s s u r e  g rad ien t  i n  the  flow d i r e c t i o n  
Zero p r e s s u r e  g r a d i e n t  normal t o  s u r f a c e  
Steady flow 
The e x t e r n a l  f low over t h e  a d i a b a t i c  w a l l  i s  supersonic  and i s e n t r o p i c .  
The f low d i r e c t i o n  a t  y=6 is  given by t h e  Prandtl-Meyer r e l a t i o n .  
P r a n d t l  number of one 
V i s c o s i t y  p ropor t iona l  t o  the  absolu te  temperature  
Flow angles  r e l a t i v e  t o  t h e  w a l l  are s m a l l  
Gas i s  thermal ly  and c a l o r i c a l l y  pe r fec t  
Constant  s t a g n a t i o n  temperature  throughout the  whole region 
Laminar v iscous  reg ion  
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D I S S I PAT I V E 
WALL 
Figure 3 .  Flow Regions as Described by Crocco-Lees 
The flow wi th in  t h e  v i scous  region i s  described by t h e  momentum and con- 
t i n u i t y  equat ions which can be obtained i n  the  fol lowing forms (2): 
dx (5) 
y - l w 2  
1 - 2  e )  
Y we 
U 
, w = e e l a t ,  and 0 i s  the d i r e c t i o n  of t h e  stream- where ~p = ( 
l i n e  a t  t h e  edge of t h e  boundary l a y e r .  
i s  descr ibed by t h e  B e r n o u l l i  equat ion 
e 
The e x t e r n a l  i n v i s c i d  i n s e n t r o p i c  flow 
a=(?). P 
I n  a d d i t i o n ,  one has  t h e  mean temperature equat ion m = '''~p~ and t h e  
Prandtl-Meyer r e l a t i o n s h i p  0 = 0(w ). From t h i s  system of equat ions,  p and 0 
a r e  e l imina ted ,  leaving t h r e e  equafions and six unknowns ( 6 ,  m y  K ,  w , c f ,  and il). 
TO account f o r  t h e  t h r e e  remaining unknowns and t h u s  complete t h e  mafhematical 
formulat ion of t h e  method, semi-empirical  c o e f f i c i e n t s  a r e  introduced.  These 
account f o r  t h e  mean temperature ,  t h e  s k i n  f r i c t i o n ,  and t h e  mixing i n  t h e  v i s -  
cous r eg ion .  These a d d i t i o n a l  parameters,  a l l  dependent on K ,  a r e  def ined a s  
F(K), D(K), and C(K). F(K) i s  r e l a t e d  t o  the  mean temperature-mean v e l o c i t y  
c o r r e l a t i o n ,  D(K) i s  t h e  s k i n  f r i c t i o n  c o r r e l a t i o n  func t ion ,  and C(K) i s  t h e  
mixing r a t e  c o r r e l a t i o n  func t ion .  These are  expressed a s  fol lows:  
F = F(K) 
c f=  D(K) p a e t l m  
peat 
m k = (dd/dx - 8) = C(K) -. 
F and f a r e  r e l a t e d  by 
The f u n c t i o n a l  dependence of t h e s e  empi r i ca l  c o e f f i c i e n t s  must be obtained 
through c o r r e l a t i o n  wi th  experiments--in hope of p r e d i c t i n g  t h e  "universal"  
behavior f o r  each. 
By us ing  t h e s e  d e f i n i t i o n s  of C(K), F(K), and D(K) i n  t h e  o r i g i n a l  t h r e e  
equa t ions ,  t h e y  may be solved simultaneously t o  o b t a i n  t h e  following s e t  of 
non- l inea r  f i r s t  order  d i f f e r e n t i a l  equations: 
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{ It - K(F+t) - KF ( K ( F + t ) ( l - v  M:t) + KM:t”(y-l))] + 8 } 1-K) (1-0) ( dk -KF - = -  
dF 
3u-1 2 M e 2 t )  + K ( y  - 1) M e 2 t 2  - KF(F + t + K z) } 
( 9 )  dF - t - K(F + t )  - (1 - a)(i - K ) ( F  + t + K  + e C dM -M - e e - = -  
3 y - 1  2 dF Me t )  + ( y  - 1) KMe2t2 - KF (F + t + K E) } . 2 d6 
These two gene ra l  equat ions may be s p e c i a l i z e d  t o  the  va r ious  flow regions 
by t h e  proper s e l e c t i o n  of t h e  parameters C(K), D(K), and F(K) . 
B l a s  i u s  -Separa t i o n  
I n  the region upstream of s e p a r a t i o n  t h e  boundary l a y e r  is a t t ached .  I n  
t h e  o r i g i n a l  Crocco-Lees paper,  t he  Falkner-Skan p r o f i l e s  w e r e  used t o  p r e d i c t  
C(K) and D(K) i n  t h i s  region and F(K) was determined by a maximation p r i n c i p l e .  
Glick e s t a b l i s h e d  t h a t  t he  C(K) given by t h e  Falkner-Skan s o l u t i o n  w a s  i n c o r r e c t  
and improved upon t h i s  by us ing  experimental  and a n a l y t i c a l  s o l u t i o n s  f o r  t h e  
Schubauer e l l i p s e .  By us ing  t h e  fol lowing approximations, 
2 ( 1-K) 
(2k-1) 
F(K) = 
C(K) = 36.2 ( K  - .630) 
equat ions (8) and (9)  are then l i n e a r i z e d  with respect t o  Mach number t o  g ive  
- _  d6 - -N [! - E ] 
It i s  assumed t h a t  M 
Prandt 1-Meyer r e l a t i 5 n s h i p  
= M,+E, where E<< M, and 8 is  given by t h e  l i n e a r i z e d  
2 e =  M 03 (1 + Y M w  ) 
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The 5 term i s  l ikened  t o  t h e  Reynolds number because of i t s  behavior.  
t i t i e s  L,N,P, and Q a r e  a l l  func t ions  of K and a r e  given by: 
The quan- 
2K( l -K)  (2K-1)2 Jf;T”-T 
where 
J A =  
4MmK(1-K)(2K2-2K+1)(1F M m 2, C(K)S 
1 ( 2 ~ - 1 ) 3  (M -1) W vMm (2K-1)2 
Jy s =  4(2K2-2K+1)(1-K)(1-&$@)” “- 2 ( 2 K 2 - 2 K + 1 ) ( 1 e  M m 2, - 
03 
2K( l -K)  ( l q  M 2, 
(2K-1) W I Y  
2(1-K)K(l+ M ”) ~ (1-0) (2K”-2K+1) 
(2K-1) i -  K(2K-1) -K) - 
u= D(K)/2(1-K) C(K) . 
Separa t ion  t o  Shock Impingement 
Beyond t h e  s e p a r a t i o n  po in t  t h e  flow i s  detached. It i s  assumed t h a t  t h e  
s k i n  f r i c t i o n  a t  t h e  w a l l  i s  s u f f i c i e n t l y  reduced s o  t h a t  it can be neglected 
i n  t h i s  r e g i o n .  A s  a f i r s t  approximation, F(K) i s  taken a s  c o n s t a n t ,  equal  
t o  t h e  s e p a r a t i o n  va lue .  The mixing c o r r e l a t i o n  func t ion ,  C(K) i s  more e l u s i v e  
and must fo l low a t r a j e c t o r y  such t h a t  t h e  co r rec t  p re s su re  d i s t r i b u t i o n  r e s u l t s  
Th i s  behavior w i l l  be discussed i n  more d e t a i l  i n  Sec t ion  111. By t ak ing  
D(K) = 0 
F(K) = F = Fs 
C(K) = C 
SeP 
the g e n e r a l i z e d  equations when l i n e a r i z e d  become 
where 
YFs Mw” (M 2-1) 
b = Fs2+ + =  
(1T M m 2, ( 1 y M  m 2, . 
Mixing i n  t h i s  reg ion  i s  of paramount importance.  Af t e r  s e p a r a t i o n  t h e  
flow i s  e s s e n t i a l l y  d iv ided  i n t o  two p a r t s  by t h e  d iv id ing  s t r eaml ine .  
f l u i d  along t h e  d iv id ing  s t r eaml ine  i s  acce le ra t ed  by v iscous  momentum t r a n s f e r  
i n  t h e  region between s e p a r a t i o n  and t h e  beginning of reat tachment  and i s  the re -  
by prepared f o r  the  forthcoming reat tachment  p re s su re  rise when f l u i d  along t h e  
d iv id ing  s t r eaml ine  i s  s tagnated .  
The 
For t h e  e n t i r e  region between t h e  Blas ius  po in t  and shock impingement, 
t ransformat ion  back t o  t h e  real p lane  i s  made by us ing  
where 





The reat tachment  s o l u t i o n  d i f f e r s  i n  t h a t  t h e  gene ra l i zed  equat ions  (8) and (9) 
a r e  no t  adapted t o  t h i s  reg ion .  I n s t e a d ,  t h e  momentum equa t ion  (4) i s  reduced t o  
12 
by neg lec t ing  t h e  s k i n  f r i c t i o n  a t  t h e  w a l l .  
(4), j u s t i f y  t h e  b e l i e f  t h a t  during reattachment t h e  v i scous  e f f e c t s  are n o t  i m -  
p o r t a n t .  By neg lec t ing  t h e  mixing (C(K) = 0) ,  one ob ta ins  
The experiments by Chapman, e t .  a l .  
k = O = C d > -  -x 8 
which can be w r i t t e n  
By non-dimensionalizing and i n t e g r a t i n g ,  
6 < ‘IXsh ) - X 
X - - 1 +J’$ 0 - sh  
sh X 
r e s u l t s .  The e x p l i c i t  i n t e g r a t i o n  of t h i s  equat ion determining x is c a r r i e d  
out  by assuming t h a t  t h e  F(K) r e l a t i o n  jo in ing  t h e  shock and t h e  Blas ius  po in t  
i s  l i n e a r .  C(K) and D(K) have both  been neglec ted  as being n e g l i g i b l y  s m a l l .  
Matching of Conditions a t  Blasius  Po in t  
S ince  t h e  method of s o l u t i o n  r e q u i r e s  the  matching of condi t ions  a t  t h e  upstream 
Blas ius  p o i n t ,  E and 5 must be known a t  t h i s  l o c a t i o n .  These va lues  are obtained 
by assuming t h a t  a weak hypersonic  i n t e r a c t i o n  e x i s t s  and then  so lv ing  t o  f i n d  , and 5 These are g iven  by t h e  fol lowing two equat ions :  b’  
where 
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A weak hypersonic i n t e r a c t i o n  imposes the  l i m i t a t i o n  t h a t  t he  leading edge must 
be sharp.  
va lue  of less than one hundred, t h e  i n t e r a c t i o n  i s  gene ra l ly  assumed t o  be weak. 
I f  t h e  Reynolds number, based upon t h e  leading edge r a d i u s ,  has a 
11-1-2. Lees and Reeves Method. The main attempt of t h e  Lees and Reeves 
(5) method was t o  develop a theory which is capable of i nc lud ing  t h e  e n t i r e  
separated flow wi th in  a s i n g l e  framework, without i n t roduc ing  semi-empirical 
f e a t u r e s .  To desc r ibe  t h i s  flow approximately, i nc lud ing  t h e  subsequent re- 
attachment, an i n t e g r a l  o r  moment method is  used i n  which t h e  f i r s t  moment of 
the momentum i s  employed, i n  a d d i t i o n  t o  t h e  u s u a l  ( ze ro th  moment) momentum 
i n t e g r a l .  
The v e l o c i t y  and enthalpy p r o f i l e s  are cha rac t e r i zed  by a s i n g l e  independent 
parameter, a , not e x p l i c i t y  r e l a t e d  t o  t h e  l o c a l  s t a t i c  p res su re  g r a d i e n t .  The 
s u c c e s s f u l  a p p l i c a t i o n  of t h i s  method t o  sepa ra t ed  and r e a t t a c h i n g  flows hinges 
on t h e  proper choice of t h e  one parameter family of v e l o c i t y  p r o f i l e s  u t i l i z e d  
t o  r ep resen t  t h e  i n t e g r a l  p r o p e r t i e s  of t he  v i scous  flow. The Stewartson ( 6 )  
reversed-flow p r o f i l e s  were found t o  have t h e  q u a n t i t a t i v e l y  c o r r e c t  behavior  
while  polynomials d id  n o t .  For flows with hea t  t r a n s f e r ,  t h e  Cohen-Reshotko (7 )  
p r o f i l e s  are used. 
The Lees and Reeves method employs the same assumptions t h a t  were used by 
Crocco-Lees. The des i r ed  form of t he  equat ions i s  obtained by f i r s t  t r a n s -  
forming the compressible boundary l a y e r  equat ions i n t o  an equ iva len t  incom- 
p r e s s i b l e  form by making use of t h e  Stewartson (3) t ransformation.  
Once i n  incompressible form, t h e  momentum i n t e g r a l  i s  obtained by i n t e -  
g r a t i n g  the "equivalent" incompressible boundary l a y e r  momentum equa t ion  a c r o s s  
t h e  boundary l aye r .  I n  a s imi la r  manner, t h e  f i r s t  moment of momentum can be 
obtained by mult iplying the  momntum equa t ion  by u 
boundary l a y e r .  
t i n u i t y  equat ion desc r ibe  t h e  v i scous  region.  
and i n t e g r a t i n g  a c r o s s  t h e  i These two equa t ions  i n  conjunct ion with t h e  boundary l a y e r  con- 
The e x t e r n a l  i n v i s c i d  flow is  not  a known q u a n t i t y  b u t  must be determined 
by t h e  normal v e l o c i t y  induced by t h e  growth of t h e  boundary l a y e r .  The in -  
c l i n a t i o n  of t h e  s t r eaml ine  i n  t h e  e x t e r n a l  i n v i s c i d  flow a t  y = 6 i s  given 
by t h e  Prandtl-Meyer r e l a t i o n s h i p .  This  r e l a t i o n s h i p  i s  then  transformed t o  
equ iva len t  incompressible flow by us ing  t h e  Stewartson t r ans fo rma t ions .  
Because the  compression waves generated by t h e  growth of t h e  boundary l a y e r  
coalesce i n t o  a shock wave w e l l  beyond t h e  o u t e r  edge of t he  boundary l a y e r ,  t h e  
i s e n t r o p i c  Prandtl-Meyer r e l a t i o n s h i p  between M 
a t  t h e  edge of t h e  boundary l a y e r .  
and 8 is a good approximation 
The l i n e a r i g e d  Prandtl-Meyer r e l a t i o n ,  
-AT2- € 
CD 
8 =  
( l + q M a ) M  m m ' 
where M = M,+E, may be used when t h e  supersonic-hypersonic  s i m i l a r i t y  Parameter 
tan 0 i s  s m a L l  compared wi th  u n i t y ,  and t a n  8 8 .  e - 
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The l i n e a r i z e d  Prandtl-Meyer equat ion  (19) t oge the r  w i th  t h e  transformed 
Prandtl-Meyer r e l a t i o n s h i p  desc r ibe  t h e  i n v i s c i d  region.  
so lv ing  t h e  v iscous  and i n v i s c i d  equat ions ,  and by making use. of newly def ined  
a r e  obtained : 
By s imultaneously 
- func t ions ,  t h e  fol lowing two equat ions ,  convenient f o r  numerical  i n t e g r a t i o n  
e - N1 dM 
J 
( ':/Me 1 - 
and 
N1, N , N3, and dH/da are a l l  func t ions  dependent upon a , which i n  t u r n  depends 
on thg  p r o f i l e  family s e l e c t e d .  
* 
The dependent v a r i a b l e s  i n  (20) and (21) are E (o r  M ) and 6, compared wi th  e 
E and 5 i n  t h e  Glick method. The mechanics f o r  s o l u t i o n  i n  both techniques 
are similar. The v a r i a b l e s  a t  t he  sepa ra t ion  p o i n t  must be  repea ted ly  guessed 
i n  hopes of a r r i v i n g  a t  t h e  c o r r e c t  B las ius  p o i n t  va lues .  Once t h e  B las ius  t o  
s e p a r a t i o n  reg ion  has  been so lved ,  t h e  s o l u t i o n  downstream from s e p a r a t i o n  
fo l lows  i n  a s t r a igh t fo rward  manner, j u s t  as i n  t h e  Crocco-Lees method. 
Methods d iscussed  i n  References 8-13 are b r i e f l y  descr ibed  i n  Appendix A. 
11-2. L imi ta t ions  of Analy t ica l  Methods 
This  s e c t i o n  d i scusses  t h e  inhe ren t  l i m i t a t i o n s  of t h e  two methods d iscussed  
i n  Sec t ion  11-1. Both techniques u t i l i z e  the same boundary l a y e r  assumptions and 
are a p p l i c a b l e  only t o  two-dimensional geometries.  
bo th  as w e l l  as those  a f f e c t i n g  each method i n d i v i d u a l l y  are discussed.  
Limi ta t ions  p e r t a i n i n g  t o  
11-2-1. Both Crocco-Lees and Lees  and Reeves. Both methods make t h e  assump- 
t i o n  t h a t  E<<M, where Me = M,+E. 
becomes more s u b j e c t  t o  ques t ion .  A t  Mach 2.0, E may be on the  o rde r  of .01 of 
Me , whi le  f o r  t h e  same Reynolds number a t  Mach 7; c b  i s  about .1 of Me . Con- 
t i n u i n g  t o  h ighe r  Mach numbers--at Mach 10, 
would r e s u l t  i n  i n v a l i d a t i o n  of t h e  assumption. b 
A s  t h e  Mach number inc reases ,  t h e  assumption 
b i s  about .3 of Me , whick c e r t a i n l y  
F igure  4 shows how t h e  abso lu te  va lue  of t h e  r a t i o  of E /M, v a r i e s  as a 
'b 
b w a s  c a l c u l a t e d  us ing  equat ion  (18) f u n c t i o n  of Mach and Reynolds numbers. 
and a l s o  by us ing  a l i n e a r i z e d  form i n  which M m W l .  
i z e d  and e x a c t  r e l a t i o n s  approach one another a t  h ighe r  Mach numbers, and t h a t  
t h e  Eb/M, r a t i o  i n c r e a s e s  wi th  Mach number. 
t i o n  s h i p  a t  the  B las ius  po in t .  The l i n e a r i z a t i o n  assumption becomes s u b j e c t  
t o  even g r e a t e r  e r r o r s  downstream from t h e  Blas ius  p o i n t .  
It is  noted t h a t  t h e  l i n e a r -  
F igure  4 i l l u s t r a t e s  only- t h e  rela- 
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11-2-2. Crocco-Lees . As brought out  i n  the  previous d i scuss ions ,  t h e  
p r i n c i p a l  l i m i t a t i o n  i n  t h e  Crocco-Lees method i s  t h e  proper  s e l e c t i o n  of t h e  
func t ions  which desc r ibe  F(K), D(K), and C(K) . This may be overcome as  more 
d a t a  becomes a v a i l a b l e .  The r e s u l t s  i n  P a r t  111 r ep resen t  a f i r s t  a t tempt  a t  
gene ra l i z ing  t h e  C(K) func t ion  i n  t h e  sepa ra t ion  t o  shock impingement reg ion .  
11-2-3. Lees and Reeves. The Lees and Reeves method i s  dependent upon 
f i n d i n g  a c o r r e c t  one-parameter family of v e l o c i t y  p r o f i l e s .  
m e t e r ,  a, which i s  t h e  dependent v a r i a b l e  has a t r a j e c t o r y  through t h e  separa-  
t i o n  i n t e r a c t i o n  as shown i n  Figure 5 .  The a t tached  p o r t i o n s  of t h e  boundary 
l a y e r  ( p r i o r  t o  s e p a r a t i o n  and a f t e r  reattachment) a r e  descr ibed  by one set of 
c o e f f i c i e n t s  i n  which 'larr v a r i e s  between 0 and 1.58. I n  t h e  sepa ra t ed  reg ion ,  
another  set of c o e f f i c i e n t s  i s  used,  and, i n  t h i s  case ,  ''a'' can take on va lues  
between 0 and 1. The maximum va lue  of "a" is dependent upon t h e  s t r e n g t h  of 
t he  shock. The s t r o n g e r  t h e  shock, t h e  h igher  t h e  va lue  of "at1 obtained.  The 
problem arises i n  t h a t  f o r  a d i a b a t i c  separa ted  f lows,  t he  p r o f i l e s  have been 
so lved  only i n  t h e  range O<a<.54. For s t ronge r  i n t e r a c t i o n s ,  an equ iva len t  
Falkner-Skan family of p r o f i l e s  must be solved t o  e v a l u a t e  t h e  p r o f i l e s  f o r  
The p r o f i l e  para-  
I t  I 1  a g r e a t e r  than  .54. 
I n  applying t h e  Lees and Reeves method, Gulbran e t  a1 (14) noted t h a t  
they  were unable  t o  c a l c u l a t e  t h e  reattachment f o r  t h e  high f i n a l  p'ressures 
produced by 15'and 22%' ramps a t  Mach 8. 
11-3. D i f f i c u l t i e s  and Problem Areas i n  Crocco-Lees Method 
11-3-1. B las ius  - Separa t ion .  The g r e a t e s t  d i f f i c u l t y  i n  t h i s  reg ion  
appears  t o  be  ob ta in ing  t h e  des i r ed  s l o p e  f o r  t h e  p re s su re  d i s t r i b u t i o n .  
t h e  curve is  approximately s t r a i g h t  i n  many cases and has  l i t t l e  curva ture  a t  
t h e  B las ius  po in t  t r a n s i t i o n .  I n  gene ra l ,  t h e  c a l c u l a t i o n s  y i e l d  reasonable  
p re s su re  r a t i o s  a t  t h e  sepa ra t ion  po in t  d e s p i t e  t h e  way t h e  p re s su re  is d i s t r i b u t e d  
i n  t h i s  reg ion .  
Also, 
The l i n e a r  approximation f o r  C(K) versus  K may not  be t h e  optimum one i n  
t h i s  reg ion .  
g ions  immediately ad jacen t  t o  t h e  sepa ra t ion  p o i n t ,  f u r t h e r  ref inements  i n  C(K) 
do not  seem t o  be j u s t i f i e d  a t  p re sen t  f o r  t h i s  reg ion .  
problem i n  t h i s  reg ion  r e s u l t s  from t h e  i n t e r a c t i o n  induced by t h e  l ead ing  edge 
of t h e  p l a t e .  A t  lower Mach numbers t h i s  may n o t  be s i g n i f i c a n t ,  b u t ,  a t  h ighe r  
va lues  t h e  r e s u l t s  become apprec iab le .  
Since very  few experimental  p re s su re  measurements desc r ibe  t h e  re- 
A f a r  more s e r i o u s  
11-3-2. Separa t ion  t o  Shock Impingement. Glick (2 )  proposes two techniques 
f o r  t r e a t i n g  t h e  C(K) va lues  i n  t h e  reg ion  between s e p a r a t i o n  and t h e  shock. H e  - 
con jec tu res  t h a t  C(K) rises from ze ro  a t  the  s e p a r a t i o n  va lue  of K t o  some max- 
imum v a l u e  a t  t h e  beginning of t he  p l a t eau  and t h a t  C(K) remains cons t an t  u n t i l  
t h e  shock impingement i s  reached. As an approximation f o r  t h i s  d i s t r i b u t i o n  of 
C(K), Glick o f f e r s  a "s impl i f ied"  and "ref ined" approach. 
C(K) t a k e s  on a cons tan t  va lue  throughout t h e  whole reg ion .  I n  t h e  r e f i n e d  
case, C(K) has  a va lue  of c1 between sepa ra t ion  and the  p l a t eau  and a va lue  of 
c2 throughout  t h e  p l a t e a u  region.  
I n  the  s i m p l i f i e d  case, 
These C(K) curves a r e  i l l u s t r a t e d  i n  Figure 6 .  
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Separat ion and Shock Impingement 
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The values  of C = 11.0 and C 
obtained from one sei  of experimenzal d a t a  (Mach 2.45). 
ges t ed  as "universal"  f o r  a l l  s epa ra t ions .  
t h a t  C(K) takes  on a behavior  d i f f e r e n t  from t h a t  s p e c i f i e d  by Glick.  I n  t h e  
f i r s t  place,  C does no t  u n i v e r s a l l y  equa l  11.0 but  appears t o  have a dependency 
on Mach number and poss ib ly  on t h e  Reynolds number a t  t h e  beginning of t h e  i n t e r -  
a c t i o n .  A constant  va lue  of C i n  t he  p l a t e a u  region w a s  found t o  produce a 
decreasing pressuure r a t i o  ra t ier  than the  constant  va lue  which is known t o  e x i s t .  
I f  a constant  p re s su re  r a t i o  i s  t o  be maintained, t h e  C(K) parameter must con- 
t i n u a l l y  i n c r e a s e  with i n c r e a s i n g  K i n  t h e  p l a t eau .  
= 15.0 were presented by Glick and were 
These va lues  w e r e  sug- 
The r e s u l t s  of t h i s  s tudy i n d i c a t e  
1 
11-3-3. Reattachment. The reattachment region has  caused cons ide rab le  
d i f f i c u l t y - - p a r t i c u l a r l y  i n  g e t t i n g  a p r e s s u r e  d i s t r i b u t i o n  which has  t h e  qual-  
i t a t i v e l y  c o r r e c t  behavior.  A t  t h e  p re sen t  t i m e  i t  i s  f e l t  t h a t  a d d i t i o n a l  con- 
s i d e r a t i o n s  m u s t  be given t o  t h i s  t reatment  be fo re  much r e l i a n c e  can be placed 
i n  the  method. The c a l c u l a t i o n  d i f f i c u l t i e s  i n  t h i s  region a r e  discussed i n  
P a r t  111. 
A problem which w i l l  need t o  be accounted f o r  i n  t h i s  region i s  the  "peak 
pressure ' '  which occurs a f t e r  reattachment--before r e t u r n i n g  t o  t h e  v a l u e  of t h e  
i n v i s c i d  downstream p r e s s u r e  rise. A p r e s s u r e  overshoot o r  "peak" i s  experienced 
because t h e  flow near  the s u r f a c e  passes  through two weaker shocks,  wh i l e  t he  
flow f u r t h e r  out i n  t h e  f r e e  stream c rosses  only a s i n g l e ,  bu t  s t r o n g e r ,  shock 
system. The double compression by the  flow n e a r  t h e  s u r f a c e  produces a g r e a t e r  
p re s su re  rise than does the  s i n g l e  compression. This peak p r e s s u r e  was n o t  
observed on low Mach number experimental  d a t a ,  while  a t  moderate and high Mach 
numbers t h e  overshoot becomes q u i t e  no t i ceab le .  P re sen t  techniques allow only 
f o r  t h e  case where the p re s su re  i n c r e a s e s  and a sympto t i ca l ly  approaches t h e  
downstream i n v i s c i d  value.  
I t  i s  t h e  reattachment process  which governs t h e  s i z e ,  shape,  and scale of 
t h e  separated flow region.  Unfortunately,  t h e  p h y s i c a l  cond i t ions  n e a r  r ea t t ach -  
ment are v i r t u a l l y  unknown a t  p r e s e n t .  
11-3-4. Coupling Regions Together.  The method proposed f o r  coupling t h e  
t h r e e  regions toge the r  w a s  mentioned i n  Sec t ion  1-3. It h a s  been found experi-  
mental ly  t h a t  the shape of t h e  model causing a d i s tu rbance  i s  n o t  a v a r i a b l e  
i n  determining t h e  p re s su re  r ise  i n  t h e  v i c i n i t y  of t h e  s e p a r a t i o n  p o i n t .  That 
is t o  s a y ,  t h e  p l a t e a u  p r e s s u r e  w a s  found t o  be  independent of t h e  ramp angle  
f o r  a given Mach number when t h e  Reynolds number a t  t h e  beginning of t h e  i n t e r -  
a c t i o n  w a s  t h e  same. It i s  t h e  mixing i n  the  p l a t e a u  r eg ion  which i s  t h e  dom- 
i n a n t  c h a r a c t e r i s t i c  i n  producing t h e  necessary downstream p r e s s u r e  d i s t r i b u t i o n  
on t h e  ramp. A s  t he  ramp angle  i n c r e a s e s ,  t h e  p l a t e a u  region lengthens t o  
accommodate a longer  mixing region t o  produce t h e  h i g h e r  p r e s s u r e  r a t i o .  
I n  the Crocco-Lees method, K becomes t h e  "measuring s t i c k "  f o r  determining 
the  amount of mixing ( j u s t  as "a" does i n  t h e  Lees and Reeves method) f o r  a pa r -  
t i c u l a r  configurat ion and flow condi t ion.  
i n  va lue  as t he  flow goes from s e p a r a t i o n  t o  t h e  p l a t e a u  and then cont inues on t o  
t h e  shock impingement p o i n t .  For given i n i t i a l  c o n d i t i o n s  a t  t h e  beginning of 
the i n t e r a c t i o n ,  K a t  t h e  shock is  d i r e c t l y  r e l a t e d  t o  t h e  s i z e  of t h e  ramp angle .  
A l a r g e r  ramp angle r e s u l t s  i n  K being l a r g e r  a t  t h e  shock, which implies  t h a t  
a longer  plateau o r  mixing region i s  requ i r ed .  
As may be seen  i n  Figure 6 ,  K i n c r e a s e s  
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I n  the  reat tachment  s o l u t i o n ,  t h e  magnitude of t h e  p re s su re  rise is  r e l a t e d  
d i r e c t l y  t o  t h e  s i z e  of t h e  K change between the shock va lue  and t h e  downstream 
respondingly g r e a t e r  reat tachment  p re s su re  r i s e .  
, Blas ius  va lue .  This  p o i n t s  out t h a t  a longer  p l a t eau  reg ion  r e s u l t s  i n  a cor-  
To t i e  the  p a r t s  t oge the r ,  Ksh must be the  va lue  needed t o  produce t h e  c o r r e c t  
reat tachment  p re s su re  rise. However, K i s  determined by t h e  l eng th  of t h e  
p l a t e a u  reg ion  which i s  related t o  t h e  Tocation of t h e  s e p a r a t i o n  p o i n t .  
cond i t ions  a t  t h e  ramp c o m e r  r equ i r e s  ad jus t ing  t h e  l o c a t i o n  of s epa ra t ion .  
Because of t h e  i n t e r p l a y  of t h e  v a r i a b l e s  which are involved,  an i t e r a t i o n  so lu-  
t i o n  us ing  t h e  s t r a i g h t  d iv id ing  s t r eaml ine  i s  being pursued. 
h 
Matching 
111. EVALUATION OF AVAILABLE EXPERIMENTAL DATA 
A c u r r e n t  problem common t o  t h e  s tudy  of h igh  v e l o c i t y  laminar separa ted  
flows i s  t h e  a v a i l a b i l i t y  of only a l imi t ed  amount of exper imenta l  da t a .  
e f f o r t  w a s  made t o  o b t a i n  and use  d a t a  from a wide v a r i e t y  of condi t ions  i n  t h i s  
s tudy .  A t o t a l  of fou r t een  cases  between Mach 2 and 10 w e r e  s e l e c t e d  f o r  anal-  
y s i s .  
An 
Several problems arise when a c o r r e l a t i o n  i s  attempted wi th  d a t a  from sev- 
e r a l  d i f f e r e n t  f a c i l i t i e s  and when c o l l e c t e d  under d i f f e r e n t  cond i t ions .  For 
example, three-dimensional e f f e c t s  become apprec iab le  a t  h ighe r  Mach numbers 
and depend t o  a degree upon t h e  tunne l  f a c i l i t y .  
Analysis  of Mach 16 d a t a  by Miller e t  a l .  (15) w a s  a t tempted,  bu t  t h e  lead-  
i n g  edge i n t e r a c t i o n  e f f e c t s  and E values  were such t h a t  a s a t i s f a c t o r y  c o r r e l a -  
t i o n  w a s  n o t  p o s s i b l e .  b 
111-1. Tabulat ion of Data Studied  
Table I p r e s e n t s  i n  concise  form a d i g e s t  of t h e  d a t a  used and t h e  r e s u l t s  
ob ta ined  from t h i s  s tudy.  I n  a l l  cases ,  a sharp leading  edge p l a t e  w a s  used.  
This avoids  t h e  i n t e r p l a y  of lead ing  edge effects i n  t h e  i n t e r a c t i o n  region.  
The p res su re  d i s t r i b u t i o n s  from f i v e  runs (2,4,6,9,  and 13) w e r e  s e l e c t e d  as rep- 
r e s e n t a t i v e  and are shown i n  t h e  next  sec t ion .  The r e s u l t s  from a l l  fou r t een  
runs were used i n  o r d e r  t o  compare C versus  M, ( see  Sec t ion  111-3). 1 
The Mach 2.45 case i s  discussed i n  cons iderable  d e t a i l  i n  Sec t ion  III-2-- 
since t h i s  w a s  t h e  d a t a  from which Glick based h i s  r e s u l t s .  Seve ra l  curves  
showing ' t he  p r e s s u r e  d i s t r i b u t i o n s  and o ther  important  c h a r a c t e r i s  t i c s  are pre-  
s en ted  i n  t h e  nex t  s e c t i o n .  
111-2. Element Analysis and Experimental Comparisons 
This  s e c t i o n  i s  devoted t o  d e t a i l i n g  the techniques used and p resen t ing  t h e  
r e s u l t s  ob ta ined  f o r  t h e  d i f f e r e n t  r eg ions .  S impl i f i ed  computer flow diagrams 
f o r  t h e  t h r e e  reg ions  are given i n  Appendix B. 
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TABLE I.  - DATA USED I N  ANALYTICAL CORRELATIONS 
I t e m  
Mach number 
Reference  s o u r c e  
Re/In.  x 
%’ i n .  
x i n ,  
S’ 
x i n .  
P’ 
Xsh9 in. 





K (approx.)  
P 
Approximate C va lue  
































bUnknown, o r  no v a l u e  
s o  e x p e r i m e n t a l  d a t a  
dunpubl ished NASA Langley d a t a  
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TABLE I.  - DATA USED I N  ANALYTICAL CORRELATIONS, continued 
I t e m  
Mach number 
Reference source  
Re/In. x 
yo, i n .  
x i n .  
S' 
x i n .  
P' 
i n .  sh '  X 
Ramp angle ,  degrees  
Re x 
Xb 
K (approx.)  
P 
Approximate C va lue  































a I n c i d e n t  shock 
bUnknown, o r  no va lue  
NO exper imenta l  d a t a  
















































































111-2-1. B las ius  t o  Separat ion.  The l i n e a r i z e d  equat ions which apply be- 
tween the B las ius  p o i n t  and s e p a r a t i o n ,  (10) and ( l l ) ,  were programmed on an 
IBM 7040. The program r e q u i r e s  t h a t  va lues  of E and 5 ,  analogous t o  Mach and 
Reynolds numbers, be chosen f o r  t h e  s e p a r a t i o n  p o i n t .  Once chosen, t h e s e  va lues  
are used t o  start  t h e  step-by-step c l a c u l a t i o n  which moves upstream t o  t h e  B las ius  
po in t  i n  AK increments.  The va lues  a t  t h e  B las ius  p o i n t  are obtained from equa- 
t i o n s  (17) and (18).Repeated choices  of E and 5 a t  s e p a r a t i o n  must be t r i e d  i n  
o r d e r  t o  end with t h e  c o r r e c t  va lues  a t  t h e  B las ius  p o i n t .  The program, through 
repeated i t e r a t i o n s ,  converges on t h e  des i r ed  va lues  of E and 5 a t  s e p a r a t i o n -  
Once a s a t i s f a c t o r y  convergence has  been obtained,  t ransformation t o  t h e  real  
plane i s  made by using equat ion (14) .  The p res su re  r a t i o s  are c a l c u l a t e d  by 
using the i s e n t r o p i c  r e l a t i o n s h i p s .  
Figures 7 through 11 i l l u s t r a t e  t he  p re s su re  d i s t r i b u t i o n s  obtained by t h i s  
method f o r  f i v e  d i f f e r e n t  Mach numbers. I n  a l l  cases, t h e  s e p a r a t i o n  p o i n t  was 
taken t o  be the va lue  i n d i c a t e d  by a Sch l i e ren  photograph, o r ,  when t h a t  w a s  n o t  
given, i t  w a s  taken t o  be a t  t h e  l o c a t i o n  of t h e  s t e e p e s t  s l o p e  i n  the p r e s s u r e  
d i  s t r i b u  t ion. 
111-2-2. Separat ion t o  Ramp Corner. I n  t h i s  region,  equat ions (12) and 
(13) were programmed f o r  computer s o l u t i o n .  The E and 5 va lues  which had pre- 
v ious ly  been found a t  s e p a r a t i o n  were used t o  start t h e  s o l u t i o n .  By f i x i n g  
C as a constant  i n  t h e  s e p a r a t i o n  t o  p l a t e a u  region,  t h e  program simply marches 
i n  AK steps, c a l c u l a t i n g  t h e  corresponding p r e s s u r e  r a t i o  and x- locat ion va lue  
f o r  each s t e p .  
1 
The beginning of t h e  p l a t e a u  i s  determined by t h e  p r e s s u r e  g r a d i e n t  be- 
coming zero.  Between the  beginning of t h e  p l a t e a u  and t h e  shock, a C(K) w a s  
found which makes t he  p r e s s u r e  g rad ien t  remain ze ro .  The s o l u t i o n  i s  terminated 
when t h e  ramp corner  is reached. 
Also shown i n  Figures  7-11 are t h e  p re s su re  d i s t r i b u t i o n s  i n  t h e  s e p a r a t i o n  
t o  shock impingement region.  The C va lues  which most n e a r l y  approximate t h e  
experimental  d i s t r i b u t i o n s  are i n d i c a t e d .  1 
I n  the p re s su re  p l a t e a u  region,  C(K) w a s  allowed t o  vary i n  such a manner 
t h a t  a constant  p re s su re  r a t i o  r e s u l t e d .  For comparison, Figure 12 i l l u s t r a t e s  
the behavior of C(K) ve r sus  K i n  t h e  p l a t e a u  region f o r  each of t h e s e  f i v e  
cases .  It is noted t h a t  C(K) i n c r e a s e s  w i t h  K i n  a l l  cases--serving as an i n -  
d i c a t i o n  t h a t  t he  mixing becomes more vigorous as one moves down t h e  p r e s s u r e  
p l a t e a u ,  r a t h e r  than remaining cons t an t  as Glick assumed. 
111-2-3. Reattachment. A computer program i n c o r p o r a t i n g  t h e  d i s c u s s i o n  
i n  Sec t ion  11-1-1 (Reattachment) w a s  used f o r  t h i s  region.  I n  gene ra l ,  t o  
o b t a i n  t h e  c o r r e c t  magnitude f o r  t h e  reattachment p r e s s u r e  rise, a K 
l a r g e r  than t h a t  generated i n  t h e  Separation-Shock Impingement cornputhat i o n  w a s  
needed. 
va lue  
Figure 13  i l l u s t r a t e s  t h e  reat tachment  s o l u t i o n  obtained f o r  t h e  Mach 3 .O 
case which previously w a s  shown i n  Figure 8 .  I n  o r d e r  t o  g e t  t h e  p l a t e a u  and 
reattachment regions t o  j o i n ,  a longer  p l a t e a u  mixing r eg ion  would be  needed 
( t o  produce a l a r g e r  K v a l u e ) .  Because t h e r e  are some apparent  d i f f i c u l t i e s  
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Figure 10. Pressure  C o r r e l a t i o n  a t  Mach 6 . 0  
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Figure  11. Pres su re  Cor re l a t ion  a t  Mach 8.45 
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Figure  1 2 .  C ( K )  VS. K i n  P l a t e a u  Region 



































111-2-4. Couplinn of Regions. A n  e f f o r t  was made t o  couple t h e  reg ions  
toge ther ,  and i n  p a r t i c u l a r  t o  d u p l i c a t e  t h e  Mach 2.45 s o l u t i o n  which Glick 
r epor t s .  Figure 1 4  d e p i c t s  t he  e n t i r e  i n t e r a c t i o n  region f o r  Mach 2.45 and 
shows both Gl i ck ' s  curve and t h e  curve obtained from t h i s  study--using t h e  s a m e  
i n p u t s  as Glick.  
a somewhat d i f f e r e n t  d i s t r i b u t i o n .  The K 
c l o s e l y  wi th  Glick's va lue  f o r  K 
d i s t r i b u t i o n  is d i f f e r e n t .  
noted i n  t h e  p re sen t  s tudy .  
By us ing  C = 11.0 and C2 = 15.0, t he  p re sen t  s tudy  produced 1 obtained i n  t h i s  s tudy  c o r r e l a t e d  
but  tge r e s u l t i n g  reattachment p re s su re  sh '  A cons iderable  d i s c o n t i n u i t y  a t  t h e  ramp c o m e r  i s  
I n  an at tempt  t o  reproduce Gl i ck ' s  Mach 5.8 curve,C = 11.0 w a s  found t o  1 not  be a "universal"  va lue .  
needed to  a t t a i n  t h e  proper  p re s su re  p l a t eau  r a t i o ,  which d i sag rees  wi th  Gl i ck ' s  
conclusions.  
I n  t h i s  case ,  a C va lue  of approximately 5.0 w a s  1 
Figure 15 g ives  a v i s u a l  d i sp l ay  of how the  t h r e e  semi-empirical  f a c t o r s  
F(K), D(K) and C(K) behave throughout t h e  t reatment  which has  j u s t  been out-  
l i ned .  The C(K) t r a j e c t o r y  shown i s n ' t  t h e  optimum one, bu t  i t  q u a n t i t a t i v e l y  
accounts f o r  t h e  p re s su re  d i s t r i b u t i o n  ahead of t he  ramp c o m e r .  Refinements 
i n  C(K), p a r t i c u l a r l y  i n  t h e  reattachment reg ion ,  now seem t o  be needed t o  
c o r r e c t  t he  mismatch i n  p re s su re  r a t i o s  which now e x i s t  at t h e  ramp corner .  
As a comparison, t h e  L e e s  and Reeves (5) c a l c u l a t i o n s  were performed f o r  
t h e  Mach 3.0 case  and the  r e s u l t s  appear i n  Figure 8. 
t i o n  i s  similar t o  t h a t  ou t l i ned  i n  Sec t ions  111-2-1 and 111-2-2 f o r  G l i ck .  * 
The convergence a t  t h e  Blas ius  po in t  w a s  found t o  be very  s e n s i t i v e  t o  t h e  6, 
value  chosen. The d i f f i c u l t y  apparent  i n  Figure 8 i s  t h e  occurrence of a S 
peak pressure  i n  the  p l a t eau  region.  
accuracy i n  t h e  Blas ius  p o i n t  convergence. 
The technique f o r  so lu -  
This may be a r e s u l t  of u n s a t i s f a c t o r y  
111-3. E f f e c t  of Mach and Reynolds Numbers on C(K) 
One ob jec t ive  of t h i s  s tudy  was t o  c o r r e l a t e  t h e  dependence of C1 upon the  
Mach and Reynolds number a t  the  beginning of t h e  i n t e r a c t i o n .  This  goa l  has  not  
been accomplished t o  t h e  s a t i s f a c t i o n  of t h e  invest igators--due p r imar i ly  t o  t h e  
l imi t ed  v a r i a t i o n  of Reynolds number i n  t h e  d a t a  t r e a t e d .  It i s  hoped t h a t  t h i s  
w i l l  be  overcome i n  t h e  nea r  f u t u r e .  
Since only sharp  leading  edges were cons idered ,  t h e  f r e e  stream Mach number 
and t h e  l o c a l  Mach number a t  t he  beginning of t h e  i n t e r a c t i o n  are n e a r l y  t h e  
same--provided t h a t  t h e  Reynolds numbers a r e n ' t  t oo  low. F igure  16 shows a cor-  
r e l a t i o n  of M, versus  C 
has  been drawn which r ep resen t s  a crude c o r r e l a t i o n  of C 
necess i ty ,  t he  dependence of c upon Reynolds number is gaken as second o rde r  
and neglected i n  t h e  c o r r e l a t i o n .  I t  i s  f e l t  t h a t  t h e r e  is a Reynolds number 
dependence, but t h a t  i t  cannot be e s t a b l i s h e d  u n t i l  more d a t a  has  been analyzed.  
based upon t h e  va lues  presented  i n  Table I .  A curve 1' ve r sus  M,. From 
1 
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111-4. Miscellaneous 
Future work w i l l  i nc lude  refinements i n  t h e  numerical  i n t e g r a t i o n  technique. 
E u l e r ' s  method has  been used on a l l  t h e  work t o  d a t e  except  f o r  t h e  Lees and 
Reeves s o l u t i o n  i n  which a f o u r t h  order  Runge-Kutta method w a s  used. Now t h a t  
t h e  general  t r ends  and problems i n  the s o l u t i o n  have been e s t a b l i s h e d ,  a f o u r t h  
order  Runge-Kutta method of i n t e g r a t i o n  i s  planned. This should improve the  
accuracy without  a l t e r i n g  the  cOnChSiOnS already reached. 
A study by Chapman (4) concluded t h a t  i n  the  reattachment region t h e  mixing 
The mixing i n  t h i s  region i s  expected t o  be s m a l l ,  w a s  zero f o r  t h e  model used. 
bu t  no t  zero. On t h i s  b a s i s ,  t he  reattachment s o l u t i o n  must begin from a new 
form of the momentum equat ion,  considerably d i f f e r e n t  from t h e  one p r e s e n t l y  
being used. Figure 1 7  i l lus t ra tes  a p o s s i b l e  t r a j e c t o r y  f o r  C(K) ,  d e p i c t i n g  
a d i f f e r e n t  behavior i n  t h e  reattachment region.  
The d i f f i c u l t i e s  i n  t r e a t i n g  rounded l ead ing  edges has  not  been overcome. 
Hayes and P robs t e in  (20) d e f i n e  an i n t e r a c t i o n  parameter and c o r r e l a t e  t h i s  
with both weak and s t r o n g  i n t e r a c t i o n s  (sharp and blunted l ead ing  edges res- 
p e c t i v e l y ) .  This l ead ing  edge e f f e c t  coupled wi th  the  i n t e r a c t i o n  i s  being 
i n v e s t i g a t e d .  
I V .  SUMMARY AND CONCLUSIONS 
I V - 1 .  P r i n c i p a l  Resu l t s  
The present  s tudy ,  while  c l a r i f y i n g  t h e  understanding up t o  the  shock 
l o c a t i o n ,  does not  so lve  the  o v e r a l l  i n t e r a c t i o n .  
must await the a v a i l a b i l i t y  of more experimental  d a t a .  
p o i n t s  a r e  r e i t e r a t e d  t o  summarize t h e  work t h a t  w a s  done: 
Much of t h e  needed c o r r e l a t i o n  
The fol lowing important  
1. The i n t e r a c t i o n  region p r i o r  t o  shock impingement ( o r  ramp corner)  has  
been s tud ied  i n  d e t a i l  t o  determine the behavior  of t h e  semi-empirical co r re -  
l a t i o n  f a c t o r s  f o r  t h e  Crocco-Lees and Gl i ck  methods. It w a s  found t h a t  C(K) 
w a s  not  a "un ive r sa l f '  q u a n t i t y ,  as Glick has  proposed. I n  p a r t i c u l a r ,  a dep- 
endence of C 
and D(K) r e l a t i o n s  which were used are t o  be regarded only as f i r s t  approximations.  
upon Mach number i n  t h e  range from 2 t o  10 w a s  proposed. The F(K) 1 
2 .  A s  noted j u s t  above, as a f i r s t  approximation, C has  been found as a 
As more experimental  d a t a  4s analyzed, a depen- func t ion  of Mach number only. 
dence of C(K) on both M e  and Re i s  a n t i c i p a t e d .  
b b 
3 .  C(K) w a s  found t o  be an i n c r e a s i n g  f u n c t i o n  i n  t h e  p l a t e a u  r eg ion ,  r a t h e r  
than remaining cons t an t  as w a s  p rev ious ly  concluded. 
4. The technique f o r  i nco rpora t ing  t h e  whole i n t e r a c t i o n  w i t h i n  a s i n g l e  
frameworkhas been discussed.  Fu r the r  work on t h e  reat tachment  s o l u t i o n  i s  
needed before t h i s  can be completed. 
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Figure  1 7 .  Proposed C(K) Tra jec to ry  
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5. The l i n e a r i z a t i o n  l i m i t a t i o n s  were discussed.  Figure 5 shows t h e  e f f e c t s  
t h a t  Mach and Reynolds number have on these  assumptions. A high Mach number, o r  
low Reynolds number, o r  a combination of t hese  condi t ions can produce r e s u l t s  
which i n v a l i d a t e  t h e  l i n e a r i z a t i o n  assumption t h a t  E < <  M,. 
IV-2.  Recommendations f o r  Future Study 
I n  a d d i t i o n  t o  coupling t h e  e n t i r e  flow i n t e r a c t i o n  toge the r  and r e f i n i n g  
t h e  numerical i n t e g r a t i o n  technique, t h e  fol lowing recommendations are o f fe red :  
1. Remove the l i n e a r i z a t i o n  which has  been placed on t h e  equa t ions  which 
apply ahead of the ramp corner  o r  shock impingement p o i n t .  This would necess i -  
ta te  using t h e  l o c a l  Mach number r a t h e r  than t h e  f r e e  stream va lue  i n  the ca l -  
c u l a t i o n s .  I n  a computer s o l u t i o n ,  t h i s  should pose no g r e a t  d i f f i c u l t y .  
2. An e f f o r t  should be made t o  measure experimental ly  v e l o c i t y  p r o f i l e s  
i n  t h e  separated region.  
t i c s  f o r  t h e  flow throughout t h e  sepa ra t ed  p o r t i o n  of t h e  i n t e r a c t i o n .  Addi- 
t i o n a l l y ,  f and K c a l c u l a t i o n s  a t  supersonic  speeds,  based upon measured at-  
tached and sepa ra t ed  p r o f i l e s ,  would lend cons ide rab le  support  t o  a r e f i n e d  
understanding of F(K) . 
This  would be h e l p f u l  i n  e s t a b l i s h i n g  K c h a r a c t e r i s -  
38 
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v e l o c i t y  p r o f i l e  parameter ,  speed of sound 
v e l o c i t y  p r o f i l e  parameter (Makofski) 
mixing rate c o r r e l a t i o n  func t ion  
average values of C(K) 
s k i n  f r i c t i o n  c o e f f i c i e n t  
s k i n  f r i c t i o n  c o r r e l a t i o n  func t ion  
def ined  i n  equat ion (3 )  
defined i n  equat ion  (7)  
r6  momentum f l u x  = J PU2dY 
0 
(d&/dx) - 0 
a r b i t r a r y  parameters i n  equat ions  (10) and (11) 
mass f l u x  i n  t h e  x-d i rec t ion  = J6  pudy 




parameters  i n  Lees and Reeves method 
p res su re  
Reynolds number 
temperature 
v e l o c i t y  i n  x-d i rec t ion  
u / a t  
coordinates  a long,  and normal t o ,  t h e  w a l l  
r a t i o  of s p e c i f i c  h e a t s  
boundary l a y e r  t h i ckness  
6* displacement th ickness  
4 1  
* 
6t 














transformed displacement thickness 
momentum thickness 
(Lees and Reeves) 
m/v tat 
Crocco-Lees velocity profile parameter 
coefficient of viscosity 
density 
Streamline direction relative to the wall 
a t y = 6  
D (K) 
2(1 - K) C(K) 
Blasius flat plate conditions 
conditions at y = 6 
incomp re s s ib le conditions 
plat e au 
reattachment point 
conditions at separation 
conditions at shock impingement 
free stream stagnation conditions 
at location x 
mean value of viscous region 




OTHER ANALYTICAL METHODS 
Do rodni  t s yn 
I n  t h e  cont inuing  review of l i t e r a t u r e  the Dorodnitsyn method (11, 12) i s  
found t o  be mentioned wi th  g r e a t e r  frequency. 
of numerical  s o l u t i o n  f o r  non l inea r  hydrodynamic problems, i s  o f t e n  r e fe red  t o  
as t h e  "method of i n t e g r a l  r e l a t i o n s "  
wel l - su i ted  f o r  d i g i t a l  computation. The method i s  new and promising, bu t  has  
some inhe ren t  d i f f i c u l t i e s .  P r i n c i p a l  among these  i s  t h e  f a c t  t h a t  t h e  one- 
parameter family of v e l o c i t y  p r o f i l e s  used does not  accu ra t e ly  r ep resen t  a l l  
t h e  p o s s i b l e  v e l o c i t y  p r o f i l e s  t h a t  can be developed i n  sepa ra t ed  and a t tached  
flows. 
This  technique,  a gene ra l  method 
and has t h e  important  advantage of being 
Erdos and Pa l lone  
The method given by Erdos and Pa l lone  (13) dea l s  s p e c i f i c a l l y  wi th  t h e  
s e p a r a t i o n  caused by a compression corner  i n  supersonic  flow. This  method makes 
use  of t h e  concept of a " f r e e  i n t e r a c t i o n "  f o r  both laminar and t u r b u l e n t  f lows. 
The a n a l y s i s  treats t h i s  complex s e p a r a t i o n  phenomenon i n  two phases : 
1. A s tudy  of shock-boundary l a y e r  i n t e r a c t i o n  (without  s p e c i f i -  
c a t i o n  of t h e  l o c a t i o n  of t h e  i n t e r a c t i o n  wi th  r e spec t  t o  the  
compression c o m e r  .) 
2. Appl ica t ion  of t h e  r e s u l t s  of t h e  f i r s t  phase t o  t h e  problem 
of f low s e p a r a t i o n  i n  a compression c o m e r ,  and de termina t ion  
of t h e  l o c a t i o n  of t h e  s e p a r a t i o n  and reat tachment  i n t e r a c t i o n .  
The r e s u l t s  of t h e  f r e e  i n t e r a c t i o n  theory provide a means of p r e d i c t i n g  the  
occurrence of s e p a r a t i o n  and t h e  p re s su re  d i s t r i b u t i o n  i n  t h e  v i c i n i t y  of t h e  
s e p a r a t i o n  p o i n t  (and poss ib ly  t h e  reattachment p o i n t ) ,  bu t  they do not  l o c a t e  
t h e  sepa ra t ed  f low wi th  r e spec t  t o  t h e  geometry t h a t  o r i g i n a l l y  caused t h e  
s e p a r a t i o n .  
" f r e e  i n t e r a c t i o n "  a r e  s t r i c t l y  app l i cab le  only f o r  p e r f e c t  gases .  
These semi-empirical  equat ions  f o r  t h e  p re s su re  d i s t r i b u t i o n  i n  the  
The l o c a t i o n  of t h e  s e p a r a t i o n  and reattachment p o i n t s  has  been f i x e d  by 
With t h e  c o r r e l a t i o n  formula and .  t h e  " f r ee  
t h e  complete p re s su re  d i s -  
an e m p i r i c a l  c o r r e l a t i o n  formula. 
i n t e r a c t i o n "  equat ions ,  i t  i s  p o s s i b l e  t o  p r e d i c t  
t r i b u t i o n  f o r  a shock-separated f l o w .  However, a l i m i t a t a t i o n  mentioned is  
t h a t  t h i s  c o r r e l a t i o n  formula is based upon very meager d a t a ,  a s i n g l e  exper i -  
ment, and is  only a f i rs t  approximation. Addit ional  d a t a  is  needed t o  confirm 
and extend t h e  r e s u l t s .  
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Pinkus Method 
A system of equat ions w a s  developed by Pinkus (14) which a p p l i e s  t o  t h e  case 
of separated laminar boundary l a y e r s  on compression co rne r s  and curved s u r f  aces. 
This method i s  an extension of Tan i ' s  (15) work, which had app l i ed  only t o  
a t t ached  flows. Both methods use a q u a r t i c  v e l o c i t y  p r o f i l e  and make use of 
t h e  moment-of -momentum boundary l a y e r  equat ion.  The p r o f i l e s  are def ined i n  
terms of an a r b i t r a r y  parameter "a" which has  phys i ca l  meaning i n  t h a t  i t  i s  
p ropor t iona l  t o  t h e  shea r ing  stress a t  t h e  w a l l .  
The sepa ra t ed  boundary l a y e r  i s  divided i n t o  t h r e e  regions : t h e  detachment, 
c e n t r a l ,  and reattachment.  The end cond i t ions  a t  the  reat tachment  p o i n t  impose 
the  cons t r a in ing  r e s t r i c t i o n s  on t h e  s o l u t i o n  when t h e  t h r e e  regions are combined. 
Makofski Method 
The Makofski (16) method uses  a modified Pohlhausen approach with t h e  ve- 
l o c i t y  d i s t r i b u t i o n  represented by a f i f t h -degree  polynomial w i th  two undetermined 
parameters. One of the  parameters i s  r e l a t e d  t o  the  s k i n  f r i c t i o n  a t  t h e  w a l l ,  
while the o t h e r  i s  p ropor t iona l  t o  t h e  imposed p r e s s u r e  g r a d i e n t .  
The method of a n a l y s i s  used c o n s i s t s  of t ransforming t h e  compressible laminar 
boundary l a y e r  equat ions i n t o  incompressible form, ob ta in ing  t h e  i n t e g r a l  rela- 
t i o n s ,  and f i n a l l y ,  so lv ing  t h e s e  r e l a t i o n s  by use of t h e  f i f t h -degree  polynomial. 
The parameters a and b which desc r ibe  t h e  v e l o c i t y  p r o f i l e s  are dependent only 
upon t h e  l o c a l  Mach number and Reynolds number and are independent of t h e  agency 
causing the d i s tu rbance .  
A s  with o t h e r  methods us ing  t h e  Pohlhausen approach, t h e  primary d i f f i c u l t y  
l i e s  i n  i t s  a p p l i c a t i o n  t o  t h e  cons t an t  p r e s s u r e  p l a t e a u  region downstream of 
sepa ra t ion .  There are a d d i t i o n a l  mathematical  complexi t ies  i n  t h e  two-parameter 
approach--the only j u s t i f i c a t i o n  being t h e  p o s s i b i l i t y  of ob ta in ing  s i g n i f i -  
c a n t l y  b e t t e r  r e s u l t s .  A t  h ighe r  Mach numbers where three-dimensional e f f e c t s  
are s i g n i f i c a n t ,  i t  i s  p o s s i b l e  t h a t  a two-parameter approach may be needed. 
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Inputs :  
y, es, ACC (accuracy f a c t o r )  
Dimension Statement: 
Calculate:  B las ius  condi t ions 
using equat ions 1 7  and 18. 
_ ~ a l c u l a t e :  I n i t i a l  value f o r  5 s  
Ma, Re/In. ,  xs, xb, AK, 
cond i t ions  : 
Calculate:  
New M( 
I S I 5, a s  needed 
Solve: Equations 10 and 11 
f o r  one s t e p  i n  t h e  numerical  
i n t e g r a t i o n  process 
s t e p  . in  dimension statement 
Ca l cu  l a  t e : 
f o r  next  s t e p  i n  i n t e g r a t i o n  
I n i  t i a  1 cond it ions 
t 
Was accuracy 
c a l c u l a t e  p re s su re  r a t i o  and 
x- length using equat ion 14 and 
i s e n t r o p i c  r e l a t i o n s h i p s .  
I P r i n t :  Columns of output  data  I 
Figure 18,  S impl i f i ed  Flow Diagram f o r  Crocco-Lees Method 
(B las ius  Flow - Separat ion Po in t )  
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P r i n t :  I n i t i a l  headings 
1 
Solve: Equations 1 2  and 13 f o r  
one AK s t e p  i n  t h e  numerical  
i n t e g r a t i o n  
1 
Calculate:  P res su re  r a t i o  and 
x-length using equat ion 1 4  and 
i s e n t r o p i c  r e l a t i o n s h i p s  
I P r i n t :  Output f o r  AK s t e p  I 
been reached? 
1 
Calcu la t e :  C(K)  such 
t h a t  t h e  s o l u t i o n  of 
equat ions 1 2  and 13 
maintains dp/dx = 0 - t 1 
Read new input  I daFa 1 
1 
Calculate:  I n i t i a l  
cond i t ions  f o r  next  
numerical  s t e u  
H a s  t h e  p r e s s u r e  
p l a t e a u  been reached 
(dp/dx = O ) ?  
Y e s  
F i g u r e  19. S impl i f i ed  Flow Diagram f o r  Crocco-Lees Method 
(Separat ion Po in t  - Shock Impingement) 
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Mm’ Meby downstream: Input :  
Re/1n* 9 Y 9  (PIPo) downstream’ 
- 
1 
Calcula te :  Corrected Re/In. 1 
1 
1 
P r i n t :  I n i t i a l  headings 
Calcu la te :  Mach number and pres-  
s u r e  r a t i o  a t  beginning of 
reat tachment .  
P r i n t  : Output c a l c u l a t i o n s  
V 




Was new AK used? 
Solve: Equation 16 f o r  one 
s t e p  i n  t h e  numerical  
i n t e g r a t i o n  
I \ / I 
condi t ions  f o r  next  
numerical  s t e p  
F igure  20. S impl i f ied  Flow Diagram f o r  Crocco-Lees Method 
(Reattachment) 
I 
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